SIMPLY LACED EXTENDED AFFINE WEYL GROUPS 
(A FINITE PRESENTATION) 

o 

O ' SAEID AZAM, VALIOLLAH SHAHSANAEI 

Abstract. Extended afBne Weyl groups are the Weyl groups of extended affine 
root systems. Finite presentations for extended affine Weyl groups are known only 
for nullities < 2, where for nullity 2 there is only one known such presentation. 
We give a finite presentation for the class of simply laced extended affine Weyl 
groups. Our presentation is nullity free if rank > 1 and for rank 1 it is given for 
■ ' nullities < 3. The generators and relations are given uniformly for all types, and 

P^ , for a given nullity they can be read from the corresponding finite Cartan matrix 

Ql ' and the semilattice involved in the structure of the root system. 
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0. Introduction 

*v^ . Extended affine Weyl groups are the Weyl groups of extended affine root systems 

^ I which are higher nulhty generahzations of affine and finite root systems. In 1985, K. 

^ • Saito [S] introduced axiomatically the notion of an extended affine root system, he was 

.^ , interested in possible applications to the study of singularities. 

Tij" I Extended affine root systems also arise as the root systems of a class of infinite 

1^ ' dimensional Lie algebras called extended affine Lie algebras. A systematic study of 

^—v , extended afhne Lie algebras and their root systems is given in [AABGP], in particular 

a set of axioms, different from those given by Saito jS], is extracted from algebras 
for the corresponding root systems. In [A2], the relation between axioms of [S] and 
[AABGP] for extended affine root system's is clarified. 

Let R be an extended affine root system of nullity v (see Definition I2.5|l and V be 

^ ' the real span of R which by definition is equipped with a positive semi-definite bilinear 

K^ , form /. We consider i? as a subset of a hyperbolic extension V of V, where V is equipped 

5h ' with a non-degenerate extension / of / (see Section ^. Then the extended affine Weyl 

group W of i? is by definition the subgroup of the orthogonal group of V generated by 

refiections based on the set of non-isotropic roots R^ oi R. 

This work is the first output of a three steps project on the presentations of extended 
affine Weyl groups and its application to the study of extended affine Lie algebras. In 
the first step, we study finite presentations for extended affine Weyl groups, where in 
this work we restrict ourself to the simply laced cases. In the second step the results of 
the current work will apply to investigate the existence of the so called a presentation 
by conjugation for the simply laced extended affine Weyl groups (see |Kr| and |A3p . 
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2 A FINITE PRESENTATION 

Finally, in the third step, we will apply the results of the second step to investigate 
validity of certain classical results for the class of simply laced extended afhne Lie 
algebras. There is only a little known about the presentations of extended afHne Weyl 
groups. In fact if i^ > 2, there is no known finite presentation for this class and ior v = 2 
there is only one known finite presentation called the generalized Coexter presentation 
(see 1ST]). 

We give a finite presentation, for simply laced extended affine Weyl groups, which is 
nullity free if rank > 1 and for rank = 1 it is given for nullities < 3 (see Theorem I4.2|l . 
Our presentation highly depends on the classification of semilattices (see Definition 
12. 1|) . up to similarity, which appears in the structure of extended affine root systems 
(see (|2.7f) '). Since for types Ag {£>2),D£, Eg for arbitrary nullity and for type Ai for 
nullity < 3 this classification is known (see [AABGP, Chapter II]), our presentation is 
explicit for the mentioned types and nullities. 

The paper is arranged as follows. In Section^ we obtain several results regarding the 
structure of certain reflection groups. The results of this section are similar but more 
general than those in | MSj and |A4| , and are applicable to a wide range of reflection 
groups including extended affine Weyl groups. In Section [3 we introduce a notion of 
supporting class for the semilattices involved in the structure of extended affine root 
systems. This notion plays a crucial role in our work. Also we study an intrinsic 
subgroup J{ of an extended affine Weyl group W which we call it a Heisenberg-like 
group. The center of IK is fully analyzed in terms of the supporting class of the root 
system. This a basic achievement which distinguishes the results of this section from 
those in IA4I and |MS| (See Corollarv l2.25|l . In particular it, together with other results, 
provides a unique expression of Weyl group elements in terms of the elements of a finite 
Weyl group, certain well-known linear transformations belonging to the corresponding 
Heisenberg-like group and central elements (see Proposition 12. 26|l . We encourage the 
reader to compare this with its similar results in |MS| and |A4j. The main results are 
given in Sections El and 01 where we give our explicit presentations for the extended 
affine Weyl group W and the Heisenberg-like group 'K. 

The presentation is obtained as follows. First by analyzing the semilattice involved 
in the structure of R, we obtain a finite presentation for J{. The generators and 
relations depend on nullity, the supporting class of the involved semilattice and the 
Cartan matrix of the corresponding finite type. Next using the fact that W = W x IK, 
where W is a finite Weyl group of the same type of R, we obtain our presentation 
for W. So this presentation consists of three parts, a presentation for !K, the Coxeter 
presentation for the finite Weyl group W and the relations imposed by the semidirect 
product (see Theorems 13.71 and 14 . 2|) . 

For a systematic study of extended affine Lie algebras and their root systems we 
refer the reader to [AABGP]. For the study of extended affine Weyl group we refer the 
reader to [S], [MS], [Al, 2,3,4], [ST] and [T]. 
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1. REFLECTIONS GROUPS 

Let V be a finite dimensional real vector space equipped with a non-trivial symmetric 
bilinear form / = (•, •) of nullity v. An element a of V is called nonisotropic (isotropic) 
if {a, a) ^ ((a, a) = 0). We denote the set of nonisotropic elements of a subset A 
with A^ . If a is non-isotropic, we set a^ ~ 2a/ {a, a). Let V'~' be the radical of the 
form and V be a fixed complement of V° in V of dimension £. Throughout this section 
we fix a basis {ai, . . . , ai} of V, a basis {ci, . . . , a^} of V° and a basis {Ai, . . . , Xi^} of 
(V")*. We enlarge the space V to a i? + 2i^-dimcnsional vector space as follows. Set 

V:=V©(V°)*, (1.1) 

where (V°)* is the dual space of V°. Now we extend the from (■,■) on V to a non- 
degenerate form, denoted again by (•, •), on V as follows: 

• (V, (V")*) = ((V")*,(V")*) :=0, (1.2) 

• {ar,Xs) ■= Sr,s, l<r,S<l' 

The pair (V, /) is called a hyperbolic extension of (V, /). 

Let 0(V, /) be the orthogonal subgroup of GL{V), with respect to / = (•,•)• We 
also set 

FO(V, I)^{we 0(V, /) I w{5) = 5 for aU S e V"}. 

For a eV^ , the element Wa G FO(V, /) defined by 

Wq(m) = u — {u, a^)a, (m G V), 

is called the reflection based on a. It is easy to check that 

WWaW^'^ ^ W^(a) {w E O {V , I)) . (1.3) 

For a subset A of V, the group 

WA^iwo^laeA""), (1.4) 

is called the reflection group in FO(V, /) based on A. 
For a e V and cr e V°, we define T^ £ End(V) by 

T^{u)-~u-{a,u)a + {a,u)a--^-^^{a,u)a (ueV). (1.5) 

The basic properties of the linear maps T^ are listed in the following lemma. The 
terms of the form [x,y] appearing in the lemma denotes the commutator x^^y^^xy of 
two elements x,y in a, group. 

Lemma 1.6. Let a,f3,j e V, cr,6,T e V° and w G FO{V, I). Then 

(t)T^-^T-^,reR, 

(m) T^+p - T-T-, 



(v) [TZTf^.TZ] = [T-,Tl][n,m, 
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(vi)wT-w-^=T-^^y 

(vii) T^v = Wa+aWa, « £ V, 

Proof. The proof of each statement can be seen usmg the definition of tlic maps T^ 
and straightforward computations. □ 

Part (vii) of Lemma 1 1.61 has been in fact our motivation for defining the maps T^. 
If we denote by Z(G) the center of a group G, then we have from parts (iii), (vi) and 
(vii) of Lemma Fl . 61 that for a G V, ct, (5 G V*^, 

T^gFO(V,/) and T^" e Z{F0{V,T)) . (1.7) 

Lemma 1.8. Let a eV. n,. G K. and \ <r <v. Then 



rp^"^inr(7r _ TT rpn^-CFr TT rp^r-ris 



r=l l<r<s<iy 

Proof. For 1 < r < i^, set 6r '■— J2i=r''^i'^i- Using Lemma fl.6l fiiVfiii) and (|1.7|l . we 
have 

rp^j.^l'f^r^r rTi?l;^(Ti +(59 rpmai 'J-1S2 H^^^ 2 ^^ 

^ci — ^a — ^ a -'-a -'-S-2 

<T2 (q,o) 
rpniairpn2(72'T'^3'T'^'^ 2 rp^l 2 '^^ 

— ^a ^a ^a J^S^ ^82 



r— 1 r— 1 

" "^^ " (=,0) 

r— 1 r— 1 s— r+1 

r=l l<r<s<i/ 

For a subset A of V, consider the subgroup 

^{A) := {wc,+„Wa I a G A"" , ct G V", a + cr G A). (1.9) 

of W^. We note that 3{(A) < J{(V) = (wa+<TWa | a G V><, cr G V"). 

We recall that a group H is called two-step nilpotent if the commutator [H, H] is 
contained in the center Z{H) of H . We also recall that in a two-step nilpotent group 
iJ, the commutator is bi-multiplicative, that is 



n m 



i=i i=i 1=1 j=i 



for all Xi , 2/j G H. 
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Lemma 1.11. Let A be a subset ofV. Then 

(i) 'K{A) is a two-step nilpotent group. 

(ii) If X is a generating subset of !K{A), then [X,X] generates the commutator 
['XiA),:K{A)] ofJ{{A). 

Proof, (i) liwaWa+a and wpw/s+s are two generators oi'K{A), a,(] e A^ , a+a, f3+S € 
A, then by Lemma ll . sr vii) . f iv) . we have 

Now the result foUows from p. 71) . (ii) is an immediate consequence of (i) and (|1.1U|) .D 

Lemma 1.12. :K(V) = ^j-"'.-'^'-^ y^-.^'^- \ I < i < £; 1 < r, s < i^; n,^r,mr,s e K)- 

Proof. From parts (iii) and (vii) of Lemma n~BI and Lemma Fl. 81 we see that JC(V) is a 
subset of the right hand side. Conversely, it follows from Lemma lLSf viil and (iv) that 
the right hand side is a subset of JC(V). D 

Lemma 1.13. ^ei /i = H^^i ni=i ^"r"'^" ni<r<s<i/^""'°'^% where ni^r,mr,s ^^- If 
Pi = I]i=i ^i^jUi, I < j <v, then 

h{\j) = Ar - (3j '-f^CTj - J2l<r<j-1 "^r-jfr + Y,j+l<s<iy "^j-s^s- 

Proof. Let 1 < j < (^ and d e V. Then from l|1.5() and 11. 2() . it follows that 

^I' i^j) ^ ^3 ^ o; — (7j and T^; (A^) = Xj - SsjCTr + Srjas, I < r, s < ly, 

and so using (|1.7|l and Lemma ll .(jf ii'l-f iiil . we have 



K^,) = nn^"":""''' n ^"'■■^"^(^.■) 



r— 1 i—1 ^'^'f<s<i' 

y i 

r=li=l j + l<s<i' l<r<j — 1 {'^<r<s<u\r,s^j} 

V i 

TT TT rpn; ^(TrrplJj + l<s<,y ™j,s°'srTiCrj /, n 

r—1 i—1 

r=li=l l<r<j-l 

J|]-[r»;.'--^(A,)- Y. "^-^'^'■+ E "^^-.^^^ 

r—1 i—1 l^^^J — 1 J + l<s<i> 



n 
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I 

1=1 l<r<j-l j+l<s<v 

l<r<j-l j + l<s<i/ 

l<i'<i-l j"+l<s<j/ 

Lemma 1.14. Each element h G IK(V) has a unique expression in the form 

V I 

/i = /iKr,m,,,):=nn^"^'''"'' n ^-"""° K,,m,,, sM). (1.15) 

r=l 'i=l l<r<s<z^ 

Proof. Let h ^ 3i. From (|1.7() , Lemmas 11.121 and ll.6r iv'l it follows that h has an 
expression in the form p.l5|l . Now let h{n'^ ^,mj,;,) be another expression of h in the 
form p.l5|l . Then by acting these two expressions of h on Aj's, 1 < j < i^, we get from 
Lemma [1.131 that Ui^r = n'^ r ^'^'^ '^r,s = "^J. s ^'^^ all 1 < i < £ and 1 < r < s < v. □ 



Lemma 1.16. (i) Z(J{(V)) ^ {TZ"""" \ I < r < s < v, mr,s e R). 

(ii) For any fixed nonzero real numbers nir^s, 1 < r < s < v, the group {Taj'' " \ 
1 < r < s < v) is free abelian of rank ^ '^^ ' . 

(Hi) !K(V) is a torsion free group. 

Proof, (i) By H1.7|l , Lemmas ILGf yiil and 11.121 it is clear that the right hand side 
in the statement is a subset of the left hand side. To show the reverse inclusion, let 
h e Z{'Kiy)). Consider an expression h{ni^r,iT^r,s) of h in the form p.l5|l . We must 
show that rii^r = 0, for all 1 < i < £ and 1 < r < ly. Since !K(V) is a two-step nilpotent 
group, we have from (|1.10() and Lemmas 11.121 and ILGf iv) that for all 1 < j' < ^ and 
1 < s < i^, 



r=li=l 

= n n t;';-("-"^-)'"^^ = n ^' 



ni,r(ai,Qj)(Ts _ TJ rp{'Ei=i'"'i,rai,aj)(Ts 
r—1 i—1 r—1 



Therefore by Lemma [1.141 J2i=i''T-i,ricti,aj) = 0, for all 1 < j < € and 1 < ?- < j^. 
But V = J2i=i ^Q^i ^nd the form restricted to V is non-degenerate, so Ui^r — for all 
l<i<£, l<r<iy. 

(ii) We show that {Ta/'" " |l<r<s<z^}isa free basis for the group under 
consideration. Let Y[i<r<s<v'^'^r'" "^ ° ° ~ 1' "»•,« ^ ^ ^'-"' ^ ^ f < s < v. Then by 
Lemma 11.141 Ur^s'^^r.s = for all r, s. The result now follows as m^.s's are nonzero. 
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(iii) Let h e J{(V) and assume h""- = 1 for some n G N. Let h = h{ni^r,'mr,s) (see 
ULlSfl l. Since !K(V) is two-step nilpotent, we have 



1 = ^" = n n r^-'-c Yi T, 



(To, 



r— 1 2— 1 l<r<s<i^ 



where c is a central element. By part (i), 1 ^ h'^ — h"'{nni^r,'m'^ g) for some real 
numbers m'^g. By Lemma |l. 141 n;,. == for all i,r. Thus h is central and so c = 1. 
Now it follows again from Lemma Fl . 1 41 that rrir^s — for all r, s. □ 



Corollary 1.17. For any subset A ofV, J{.{A) is a torsion free group. 

Recall that we have fixed a complement V of V'' in V. Now for a subset A of V, we 
set 

A:= {aeV \a + a e Afor some a € V°}. 

Proposition 1.18. Let A be a subset ofV such that Wa{A) C A for all a G A^' and 

:K{A) = {wa+aWa \ a E A"" , (T G V" , a + (T E A) . Then W A = W^ K 7{{A). 

Proof. Let ckgA, CTeV*',a + crGA and w E Wa- By assumption w{a) and 
w{a + a) = w{a) + a are elements of A. Thus, !K(A) is a normal subgroup of Wa, 
by (HSJl. Now we show that 3{{A) n W^ = {1}. Since J{(A) C J{(V) and W^ C W^, 
it is enough to show that J{(V) n Wy ~ {1}. Let h G W^ n !K(V) and consider an 
expression of h in the form H1.15|l . Since h G W^, we have from (|1.2(l that h{Xj) = Xj, 
^ ^ 3 ^v and so it follows from Lemma [1.131 that h = 1. 

To complete the proof, we must show W^ = W^J{(v4). Let a E A and cr G V° such 
that a + a E A. By assumption, Wa+aWa G ^{A) ^ Wa and Wa+a G 'Wa, therefore 
Wa = Wa+aWa+aWa G W^ and SO W^ C W^ . This shows that W^^{A) C W^. To 
see the reverse inclusion, let Wa, a G ^'^ , be a generator of W^. Then a — a + a where 
a E A^ and a G V°. Since Wa E W^ and since by assumption WaWa+a G ^(^), we 
have Wa — Wa+a- — WaiwaWa+a) G W^J{(A). This complctcs the proof. □ 



2. EXTENDED AFFINE WEYL GROUPS 

In this section, we study Weyl groups of simply laced extended affine root systems. 
We are mostly interested in finding a particular finite set of generators for such a 
Weyl group and its center (see Proposition I2.24|) . Since the semilattice involved in 
the structure of an extended affine root system plays a crucial role in our study, we 
start this section with recalling the definition of a semilattice from |AABGPl n.§l] and 
introducing a notion of supporting class for semilattices. For the theory of extended 
affine root systems the reader is referred to [AABGP]. In particular, we will use the 
notation and concepts introduced there without further explanations. 
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Definition 2.1. A semi-lattice is a subset S* of a finite dimensional real vector space 
VO such that 0eS,S±2S'ZS,S spans V" and S is discrete in V^. The rank of S 
is defined to be the dimension v of V*^. Note that the replacement of 5* ± 25 C S" by 
S' ± 5 C S* in the definition gives one of the equivalent definitions for a lattice in V'^. 
Semilattices S and 5" in V'^ are said to be similar if there exist tp G GL{V°) so that 
TpiS) = S' + (t' for some a' e 5'. 

Let S" be a semilattice in V° of rank ly. The Z-span A of S* is a lattice in V°, a 
free abelian group of rank v which has an R-basis of V" as its Z-basis. By [AABGPl 
II. 1.11], S contains a subset B ~ {cti, . . . , u^} of S which forms a basis for A. We call 
such a set B, a basis for S. Then 



A = (S") = ^ ZcTr with ar E S for all 



Consider A := A/2A as a Z2-vector space with ordered basis B, the image of B in 
A. For cr G A and 1 < r < ly, let a{r) G {0, 1} be the unique integer such that 
a = J2r=i c(r)(Tr.. Then we set 

supp3((t) ■= {I < r < ly \ a{r) = 1}. 

Then a — X^rssupp (cr)'^r (mod 2A). By [AABGP, II. 1.6], S can be written in the 
form 

m 

S=\J{S,+2A), 

3=0 

where (5o = and J^'s are distinct coset representatives of 2 A in A. The integer m is 
called the index of S and is denoted by ind(5'). The collection 

suppb(5) := {suppb(^j) | < j < m} (2.2) 

is called the supporting class of S, with respect to B. Since 5j — X^resupp (s-)'^r 
(mod 2A), the supporting set determines S uniquely. Therefore, we may write 

S= (+J (t, +2A) where r^:=^cr^. (2.3) 

Jesuppg(S) reJ 

(By convention we have t^ := X^ree ""'■ = 0). By [A5, Proposition 1.12], if i/ < 3, then 
the index determines uniquely, up to similarity, the semilattices in A. So by [AABGl^ 
Table II. 4. 5], up to similarity, the semilattices of rank < 3 in A are listed in the following 
table, according to their supporting classes: 
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Table 2.4. The supporting classes of semilattices, up to similarity, for ly < 3. 



V 


index 


suppb(5) 








{0} 


1 


1 


{0,{i}} 


2 


2 
3 


{0,{1},{2}} 
{0,{1},{2},{1,2}} 


3 


3 

4 
5 
6 

7 


{0,{1},{2},{3}} 

{0,{1},{2},{3},{2,3}} 

{0,{1},{2},{3},{1,3},{2,3}} 

{0,{1},{2},{3},{1,2},{1,3},{2,3}} 

{0, {!}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}} 



Next we recall the definition of an extended affine root system. 

Definition 2.5. A subset _R of a non-trivial finite dimensional real vector space V, 
equipped with a positive semi-definite symmetric bilinear form (•,•), is called an ex- 
tended affine root system if R satisfies the following 8 axioms: 

• Rl) e R, 

• R2) -R = R, 

• R3) R spans V, 

• R4) a e i?^ ^ 2a ^ R, 

• R5) R is discrete in V, 

• R6) For a G R^ and (3 E R, there exist non-negative integers d,u such that 
(3 + na G _R, n G Z, if and only if ^d < n < u, moreover (/3, a^) = d — u, 

• R7) li R^ R1UR2, where (i?i, i?2) = 0, then either i?i = or i?2 = 0, 

• R8) For any <t G R'^, there exists a <E R^ such that a + a E R. 

The dimension i^ of the radical V" of the form is called the nullity of R, and the 
dimension ^ of V := V/V'^ is called the rank of R. Sometimes, we call R a j/-extendcd 
affine root system. Corresponding to the integers £ and v, we set 

Je^ {!,...,£} and J,, = {f , . . . , i/}. 

Let i? be a z^-extended affine root system. It follows that the form restricted to V is 
positive definite and that R, the image of R in V, is an irreducible finite root system 
(including zero) in V ([AABGP, II. 2. 9]). The type of R is defined to be the type of the 
finite root system R. In this work we always assume that R is an extended affine root 
system of simply laced type, that is it has one of the types Xi = Ag, Di, Eg, Ej or Eg,. 

According to [AABGP, II. 2. 37], we may fix a complement V of V° in V such that 



R:={aeV\a + (j e RioT some a G V°} 



(2.6) 



is a finite root system in V, isometrically isomorphic to i?, and that R is of the form 

R = R(Xe,S) = (S + S)U{R + S) (2.7) 



10 A FINITE PRESENTATION 

where 5 is a semilattice in V'^. Here Xi denotes the type of R. It is known that if 
£ > 1, then 5 is a lattice in V". 

Throughout our work, we fix two sets 

n = {«!,... ,a<?} and i? = {cti, . . . , cr^}, 

where 11 is a fundamental system for R with {ui^aj) — 2 for all i £ Ji, and i? is a 
basis for S. In particular, S has the expression as in (|2.3|l . Since B is fixed, we write 
supp(5') instead of supp5(S'). From S* ± 25* C 5, it follows that Zcr^ C S* for r G J^, 
and so we have from l|2.7|l that 

a^ + Zar C R, {i, r) e Jix J^ (2.8) 

As in Section HI let V = V© V° © (V")*, where V is the real span of R. With respect 
to the basis B, we extend the from (•, •) on V to a non-degenerate form, denoted again 
by (•,•), on V by 1121. 

We recall from ((T^ and ((T^ that 

Wfl = (7«„|aei?x) (2.9) 

is a subgroup of FO(V, /) and 

:K{R) = {wa+crWa \ae R'',a eV°,a + a € R) 

is a subgroup of Wn. 

Definition 2.10. The groups Wr and M(i?) are called the extended afpne Weyl group 
and the Heisenberg-like group of R, respectively. Since i? C i?, we may identify the 
finite Weyl group of R with the subgroup W = {wa | a G i?^) of W/j. When there is 
no confusion we simply write W and !K instead of Wji and Oi{R) respectively. 

Lemma 2.11. 'K = {T°^ \ a e R, a e S). 

Proof. For a E R and cr G S", we have from Lemma [l.Gf vii) and (|2.7|) that T?" = 
Wa+aWa G !K. Also if a G i?^ , cr G V*^ and a + cr G i?, then a = a + t, where a £ R 

and by (|2.7|l . t, cr, r + (t G S*. Then Wa+aWa — Wa+r+aWaWaWa+r = T^^'^T^a- n 

We next want to find certain finite sets of generators for both W and IK and their 
centers. For r, s G Ji/, we set 

Cr^s-=T^^ and C := {cr,s \ I < r < s < u). (2.12) 

Then by 1)1. 7|) and Lemma ll .Gr viiil for all r, s (£ J^, we have 

c„ = Cs,r-Cr,s = 1 and C < Z(F0(V, /)). (2.13) 

Moreover from H2.12|l and Lemma rLlGf ii'l. it follows that 

C is a free abelian group of rank iy{i' — l)/2. (2-14) 

Also for {i,r) £ j£ X J^, we set 

U,r:^T^:- (2.15) 
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From p. 8(1 and parts (iv) and (vii) of Lemma IlHI for all r, s 6 Jj/ and i,j G Ji, one can 
see easily that 

ti^r = Wai+a^Wai £ JC and [ti^r,tj^s] = 4"' '""'' ^ IK. (2-16) 

Lemma 2.17. Wcntj^rWai = tj,rti r'", for i,j & Ji, r ^ Ji,. 

Proof. Let i, j G Ji, r G J^, and a = Wa^iaj) — aj — (qj, aijUi. We have from Lemma 

ITCTvi) that Wa,tj,rWa, = T^[ = t],rt~r°'""'^ ■ □ 

In order to describe the centers Z(5{) and Z(W), we use the notion of supporting 
class of S (with respect to B) by assigning a subgroup of C to 5 as follows. We set 

FiS) := (z, I J C J,) < C, (2.18) 

where 

I\{r.seJ\r<s}Cr... ifJesUpp(S') 

cl^ if J = {r, s} ^ supp(5), (2.19) 

1, otherwise. 

(Here we interpret the product on an empty index set to be 1.) Our goal is to prove 
that Z{W) = Z(Vi) = F{S). Note that if {r,s} C supp(S'), then z^^^j = Cr^s- In 
particular, if S" is a lattice then the second condition in the definition of Zj is surplus 
and so F{S) = (z, , \l<r<s<i') — C. Also from the way z,^^, is defined and 
(|2.16|l we note that 

[U,r,tj,s] = 4";'"^-) e (Z(^_^j), i, J e Ji, r, s e J.. (2.20) 

Lemma 2.21. Let a — X]i=i ^^i'^i ^ -^ "^^c? ct = X]r=i '^r-o'r G A. T/ien 






^"=nnc"^ n 



•--s.r 



7'— 1 i— 1 l<r<s<^ 

Proof. Using Lemma [1.81 and Lemma FLSf iii). we have 



T^ = n^"'"" n (r;:)"="'-=nnc"'' n <'^^ 

r— 1 l<r<s<^ r— 1 z— 1 l<r<s<i/ 



For a subset J = {zi, . . . , z„} of J^/ with ii < 12 < ■ ■ ■ < in and a group G we make 
the convention 



JJ fli = flijOi^ ■ • ■ aj„ (flj G G). 



Proposition 2.22. "K = {ti^r,Zj \ {i,r) e J^ x J^, J C J^) 



12 A FINITE PRESENTATION 

Proof. Let T be the group in the right hand side of the equahty. We proceed with 
the proof in the following two steps. 

(1) T C J{. By (|2.1()|l . it is enough to show that z, G !K for any set J C J^. First, 
let J G supp(S'). Then by the definition of Zj, we have z , — Ylir s£j\r<s} '^r,s- Now it 
follows from Lemma [1.81 that 

{r,s£j\r<s} reJ {r,s£j\r<s} r£j rGJ 

But since a^ + Tj e R (by (|2.3|l and t^'2.7\i ). it follows from Lemma I??TT1 and (|2.16() that 

z^,^iT^-:)-^Y[u,re^. 

Finally, suppose J = {r, s} supp(S') where 1 < r < s < v. Then from the definition 
of Zj and H2.16|l we have 

Zj — ^r.s — [f-i,r 7 f-i,sj G J\- 

This completes the proof of step (1). 

(2) 3< C T. We have from Lemmas ITTTl IT^ ii^ and (giSIl that 

"K = {T^\aeR, aeS) 

= {T^\aeR,ae Ujgsupp(S)(T, + 2A)) 
= (T;^ \ a e R, a e T, + 2A, J G supp(S')) 
= {Ta'^" I a G i?, cr G 2A, J G supp(S')) 
= {T^a.-' T^tI-' I a G i?, ct G 2A, J G supp(S')). 
We get from Lemma [2.111 and the facts that 2A C S* and t, G S* for J G supp(S'), that 

•K = (T^, ^a■^ rj'^ I a G 7?, CT G 2A, J G supp(S')). 

Now we show that each generator of % of the form T^, Ta' , To-' belongs to T. Let 
a — J2i=i "n^iO^i & R, (J = 5]g^]^2ns(Ts G 2A, Us El, and J G supp(5'). Then it follows 
from Lemma [On Lemma [2.21l the definition of z j and the fact that c^ ^ G {z, , ) C T, 
for all \ <r,s <v that 



J.. = Tg-;:;^= = nn(^'^)"eT 



re J s=l 



and 



Finally, 



u I 



T^ = nn(*^.-)'"""'' n «.)'"'■"= g^- 



l<r<s<i> 



r-£ji=l {r,seJ|r<s} r£j i=l 

From steps (l)-(2), the result follows. 
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Corollary 2.23. If i > 2 or S is a lattice, then 

J{ = (t, ,., Cr,s \l <i<i, 1 < r < s < i^). 
Proof. This an immediate consequence of Proposition 12 . 221 and the fact F{S) = C. □ 

The remaining resuhs of this section are new only for type Ai. In fact for types 
different from Ai, one can find essentially the same results in |MS| and |A4| . However, 
for completeness we provide a short proof of them, where the proofs now are easy 
consequences of our results in Section Q] 

Proposition 2.24. (i)W = W k:K. 

(a) If £ — 1, then W = {wa-i , ii.r, z j \ r (^ J^, J C J^). 

(Hi) If £ > 1, then W ~ {wa-,ti^r,Cr,s \ i ^ Ji, re J^, I <r < s <i'). 

(iv) yi is a torsion free group. 

(v) "K is a two-step nilpotent group. 

(vi) ZCW) = Z(J{) = F{S). 

(vii) F{S) is a free ahelian group of rank (^(i^ — l)/2- 

Proof, (i) is an immediate consequence of Proposition 11.181 and Lemma 12.111 From 
(i), Corollarv l2.23l Proposition l2 . 221 and the fact that W is generated by Wa^, . . . , Wq^ , 
it follows that (ii) and (iii) hold, (iv) and (v) follow from Lemma [1.111 and Corollary 
[TTTI From ifTTSIl and Proposition E211 we have F{S) C Z(W). So to prove (vi) it is 
enough to show that Z(W) C Z(5{) C F{S). Let w e ^(W). By (i), w = wh for some 
w e W and h E !H. Since for all {i, r) E JgX J^, ti,r G JC we have from Lemma lL^ that 

^.r ^^^ —at Oi —w{ai) at ai—w{ai) 

This gives a.i — w{ai) G V''. Since w = wh and h(ai) = ai, mod V^ , it follows that 
w{ai) — ai for all i G Ji. Thus w = 1 and so w = ft, G !H n Z(W). This gives 
Z(W) <ZZ{'K). Next let heZ{'K). From Proposition E23 and ifT^ . it follows that 

u e 
ft^^nnC'"' (^ G F(^), m„ G Z). 

r—1 i—1 

Then by (v), ifTTUIl and (|TTC|) we have that 

r— 1 i—1 r—1 i—1 r—1 

Therefore from (|2.14|) . it follows that {J2i=i''^i,r<^ii ^j) = for all j G Je. Since 
the form on V restricted to V = X]i=i '^'^i is positive definite we get mi,r = for all 
i G Je and r e Jy. Then h = z £ F{S) and so (vi) holds. By (|2.2UI) and the fact that 
Cr s = [ti,r, ti,s], we scc that the group in the statement is squeezed between two groups 
{c^ s : I < r < s < ly) and C. Since C is free abelian on generators Cr,s, 1 < r < s < ly, 
then (vii) follows. □ 



14 A FINITE PRESENTATION 

The following important type-dependent result gives explicitly the center Z(W) = 
Z{'K) in terms of the generators Cr^s- 

Corollary 2.25. (i) If Xi = Ai, then 

Z{'K) = {cl.., z, I 1 < r < s < I/, J e supp{S)). 

In particular if S is a lattice, then ZifK) = {cr^s \ 1 <r < s < v). 

(a) If Xi = Ai{£ > 2), Di or Eg, then Zi.'K) = {cr,s \l<r<s<v). 

Proof. Both (i) and (ii) follow immediately from H2.19|l and Proposition 12 . 241 D 

Proposition 2.26. (i) If Xg ~ Ai, then each element w inW has a unique expression 
in the form 

w; = w(n,m^,z):=<^]^i™;z (n e {0, 1}, m^ e Z, z e F(S')). (2.27) 

r=l 

(a) If Xi = Ai{£ > 2) , Di or Eg, then each element winW has a unique expression 
in the form 

V t 

w = w{w,m,i^r,'rnr,s)-^wWW_t'^;''' ]J c^T'j'^, (2.28) 

r— 1 i— 1 l<r<s<i^ 

where w G W, and rrii^r, frir.s G ^• 

Proof, (i) First we can express each element lu G W in terms of generators given in 
Proposition 12.21^ 11). Next we can reorder the appearance of generators in any such 
expression using (|2.20() . Proposition 12 . 24f vi) . Corollarv l2.25r i'). Lemmas 12 . 1 71 and the 
fact that w^^ — 1. Now to complete the proof it is enough to show that the expression 
of w in the form (|2.27|l is unique. Let w{n' , m'^., z') be another expression of w in the 
form (|2.27(l . Then from Proposition I2.24t i') and Lemma [1.141 it follows that n — n' 
Ur = n'. for all r € Ji, and z = z' . 

(ii) Let w G W. By parts (iii) and (vi) of Proposition l^"!^ Corollarv l2.25r ii). Lemma 
12.171 and (|2.2U|) . w can be written in the form H2.28|l . Let w{w' ,n^^,m'j. ^) be another 
expression of w in the form H2.28|l . Then from Proposition 12. 24^ ) and Lemma [1.141 it 
follows that w = w' and n^ ,, = n'^ ^, {i, r) G J^ x Jj, and mr^g — m'^ ^ for all r,s ^ J^. □ 



3. A PRESENTATION FOR HEISENBERG-LIKE GROUP 

We keep all the notations as in Section|21 In particular, i? is a simply laced extended 
affine root system and J{ is its Heisenbcrg-like group. 

We recall from Proposition 12 . 241 that F{S) = Z{'K). For 1 < r < s < j/, we define 

n(r, s) = min{n G N : c^, G F{S)}. (3.1) 
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Remark 3.2. It is important to notice that we may consider C ~ {cr.s : 1 <r < s <v) 
as an abstract free abelian group (see Lemma ri.lGf ii)) and F{S) as a subgroup whose 
definition depends only on the semilattice S. It follows that the integers n{r, s) are 
uniquely determined by S (and so by R). 

We note from 12.19|l that if 1 < r < s < i^, then depending on either {r, s} is in 
supp(S') or not we have z — c^ ^ or z — c^ g. Thus we have the following lemma. 

Lemma 3.3. (i) n{r, s) E {1,2}, 1 < r < s < v. 

(ii) If {r, s] G supp{S) for all 1 <r < s < v, then n{r, s) — \ for all such r, s and 

F{S) = {cr^s \l<r<s<i^). 

In particular, this holds if S is a lattice. 

(Hi) If supp{S) C |0, {r,s} I 1 < r < s < v}, then 

F{s) = (c;',(;^^) I 1 < r < s < i^) 

where 

\ 1, if{-r,s} e supp{S), 
n{r,s) = l (3.4) 

I 2, if{r,s] ^ supp{S). 

Let A = {ai.j)i<ij<i be the Cartan matrix of type Xg, that is 

flij = iai,aj), i,j G Ji. 

Lemma 3.5. n{r,s) \ ai,j, i,j E Je, 1 < r < s < i' 

Proof. By (fT^ . c"V = cl"""^' e ^(5") for aU r, s e J^ and i,j G Je. Now the result 
follows by the way n(r, s) is defined. □ 

By Lemma |3. 51 we have ai,jn{r, s)^^ E 1i, i, j E Ji, \ < r < s < v. So from H2.16|l 
we have 

[i,,„t^.,] = (c;?(/'^))-...»('-.^)-\ (3.6) 

Note that the integer n{r, s) appears only in type Ai as in other types n{r, s) — 1. 

Theorem 3.7. Let R — R{Xe, S) be a simply laced extended affine root system of type 
Xi and nullity v with Heisenberg-like group "K. Let A = {ai^j) he the Cartan matrix of 
type Xg, n{r, s) 's be the unique integers defined by \S. 1\) and m = ind{S). If 

F{S) is generated by elements c^^^'"^', \ < r < s < v, (3.8) 

then "K is isomorphic to the group !K defined by generators 

yi,r l<i<^7 15:7'<J^, 

Zr s 1 < r < s < v, 



(3.9) 



and relations 



% ■= "( \yi,r,Zr>.s'\,\y^,r,VoA^ (3.10) 
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where if £ > 1 or £ — 1 and v < 3, the condition iS.S\) is automatically satisfied. 
Moreover, if £ > 1, n(r, s) = 1 for all r, s and if i = I and ly < 3, n{r, s) 's are given by 
the following table: 



V 


m 


n{l,2) 


n(l,3) 


n(2,3) 








- 


- 


- 


1 


1 


- 


- 


- 


2 


2 


2 


- 


- 




3 


1 


- 


- 


3 


3 


2 


2 


2 




4 


2 


2 


1 




5 


2 


1 


1 




6 


1 


1 


1 




7 


1 


1 


1 



(3.11) 



Proof. By Propositions 12. 221 l2.24r vi). 12.18(1 and assumption 1(3. 8|l . we have 

% = {t,^r I («,r) e J^ X J^,)F{S) = {t.^r.c'^':!'"^ \l<i<£, 1 < r < s < I/). 

From H3.6|l and the fact that c"J'* G Z{'K), for 1 < r < s < ;/, it is clear that there 
exists a unique epimorphism (/? : IK — > "K such that ip{yi,r) = ti,r and f{zr^s) = c^,!'" ■ 
We now prove that (/? is a monomorphism. Let /i G Jf and ^{h) = 1. By (|3.1U|I . h can 
be written as 



WUvTr n ^y 

r— 1 i— 1 l<r<s<i^ 



{mi^r,nr^s e Z). 



Then 



i-^w-nnc- n 



^n{r.s)n.r 



= 0, for aU 



and 



r— 1 i—1 l<r<s<iy 

Now it follows from Proposition 12. 261 and l|2.14|l that nii^r — ,_ 
so h= I. 

Next let ^ > 1. By [AABGP, Proposition II. 4. 2] the involved semilattice 5* in the 
structure of i? is a lattice and so by Lemma l3.3r ii). n{r, s) = 1 for all r, s. Finally, let 
£ = 1. According to [AABGP, Proposition II.4.2], any extended affine root system of 
type Ai and nullity < 3 is isomorphic to an extended afSne root system of the form 
R = R{Ai,S) where supp(S') is given in Table IT^ The result now follows immediately 
from this table and Lemma l3 . 3r ii'l- f iiil . □ 



4. A PRESENTATION FOR EXTENDED AFFINE WEYL GROUPS 

We keep the same notation as in the previous sections. As before R — R{Xi, S) is 
a simply laced extended affine root system of nullity ly, W is its extended affine Weyl 
group and and Di is its Heisenberg-like group. Using the Coxeter presentation for the 
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finite Weyl group W, Theorem \',^.7\ and the semidirect product W k Jf, wc obtain a 
finite presentation for W. Let A = {aij)i<i_j<e be the Cartan matrix of type Xi. 
We recall from |Kal Proposition 3.13] that W is a Coxeter group with generators 



Wn 



, Waf. and relations 



and {wa^WaX''' (* ^ j) 



(4.1) 



Theorem 4.2. Let R ~ R{Xg, S) be a simply laced extended ajfine root system of type 
Xi and nullity v with extended ajfine Weyl group W. Let A = {o,i,j) be the Cartan 
matrix of type Xi and n{r, s) 's be the unique integers defined by iS.l]) . If 

F{S) is generated by elements c"'/'^\ 1 < r < s < i^, 



(4.3) 



then W is isomorphic to the group W defined by generators 

Xi, 1 < i < £, 






\<i<l, l<r <iy, 
1 < r < s < v 



and relations 



% 



X^ , [XiXj J ^r3 ^ 



w 



— aij 
Xiyj^rXi = yj.rVi^r ' , 



Zr^k , 1 < r < S < i/. 



Moreover if £ > 1 then n{r, s) — 1 for all r, s, (in particular, the assumption j^.g| ) 
holds). Furthermore, if £ = 1 and j/ < 3 then the assumption j^--^ ^s automatically 
satisfied and the relations 3ly^ reduces to the relations 



x^, xyrx^y^^, 



% 



w 



'^r,s 7 ^r' ,s' J 7 



[yr,ys 






1 < r < s < v, 



where n{r, s) 's are given explicitly by j5'. J J|] (depending on m — ind{S)). 

Proof. From parts (ii), (hi) and (vi) of Proposition |^^ l|2.18|) and assumption (|4.3(l . 
it follows that 



W = (w„,, t,,, I (z,r) G J^ X J,)F{S) 



{Wo 



n(r,s) 



l<i< £, Kr < s<v) 



(4.4) 



By (jHinil, Lemma ITT71 (1^)) and the fact that c"!"'"^ e Z{'K), for 1 < r < s < j/, the 
assignment Xi i — > Wai , j/i,r ' — * ti,r and Zr^s ' — > c"/'^ induces a unique epimorphism 
tp from W onto W. Also by Lemma (|4.1|l . the restriction of -0 to W := {xi \ 1 < i < £) 
induces the isomorphism 



W=i W. 



(4.5) 
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We now show that ip is injective. Let iplw) ~ 1, for some w £ W. From the defining 
relations for W, it is easy to see that w can be written in the form 

u; = W J|J|y";''- Y[ Zr.T (w G W, ^^,5, "1.*,^ G Z). 
r—1 i—1 l<r<s<L' 

Then 

i=^{w)= v(^^) n n €"■ n ^^^^"'-^ ■ 

r—l i—1 l<r<s<^ 

Therefore from (|4.5|) and Propositions 12.261 it foUows that rrii^r = 0, Ur^s — for all 
i,r,s and w = 1. Thus w — I and so W = W. Now an argument similar to the last 
paragraph of the proof of Theorem 13 . 71 complets the proof. D 

We close this section with the following remark. 

Remark 4.6. In Section[21 we fixed a hyperbolic extension (V, /) of (V, /), determined 
by extended affine root system R and then we defined the extended affine Weyl group 
W as a subgroup of 0(V,/). However, Remark 13.21 and Theorem 14.21 show that the 
definition of W is independent of the choice of this particular hyperbolic extension. 
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